We study in this paper a novel cell-centered colocated finite volume scheme for the two-dimensional Stokes problem. Its definition involves two grids. The coarsest one is a triangulation of the computational domain in acute angles simplices; these triangles are called clusters. The control volumes grid is a finer one, built by cutting each cluster along the lines joining the mid-edge points to obtain four sub-triangles. By building explicitly a Fortin projection operator, we prove that the pair of discrete spaces associating the classical cell-centered approximation for the velocities and cluster-wide constant pressures is inf-sup stable. In a second step, we prove that a stabilization involving pressure jumps only across the internal edges of the clusters yields a stable scheme with the usual colocated discretization (i.e. with the cell-centered approximation for the velocity and the pressure). We finally give an interpretation of this stabilization as a "minimal stabilization procedure", as introduced by Brezzi and Fortin.
Without any regularization procedure, these schemes are known to be unstable when applied to incompressible Navier-Stokes equations; in most developments presented in the literature, this problem is cured by a technique originally proposed by Rhie and Chow [16] , the analysis of which, to our knowledge, is still an open problem. Recently, we proposed another stabilization procedure, which can be seen as an extension to finite volumes of the Brezzi-Pitkäranta regularization [4] , by now classical in the finite element context. The convergence of this scheme is proven for the steady and unsteady Stokes and Navier-Stokes equations in [8] ; for meshes satisfying a particular geometrical assumption, let us say "hypothesis (H G )" (see the conclusion for the statement of this assumption), optimal error estimates for the Stokes problem (i.e. first order convergence rate in natural energy norms) are given in [9] . However, for high Reynolds number flows and for meshes reasonable from a computational cost point of view, the amount of stabilization necessary to avoid pressure oscillations was found to severely degrade the accuracy. This led to propose a more local stabilization term, involving pressure jumps only across the internal edges of each cluster of elements. Although being much more general, this approach follows a path similar to the ideas implemented for the Q1-Q0 finite element in [18, 13] when going from the so-called "global jump" regularization to the "local jump" one. Some applications of this new scheme are presented in [5] , and an analysis for the steady Stokes and Navier-Stokes equations is given in [10] ; under the same assumption (H G ) for the mesh, we again obtain convergence for the steady Stokes and Navier-Stokes equations and optimal error bounds for the Stokes problem, provided some simple geometrical condition is satisfied by the clusters.
However, this analysis based on a direct proof of inf-sup stability estimates is rather intricate and, for particular meshes, a simpler technique based on the classical Fortin lemma [11] is possible; we present in this paper the application of this latter approach to twodimensional simplicial meshes. Clusters are provided by an acute angles triangulation of the computational domain and control volumes are built in a second step by cutting, along the lines joining the midedge points, each triangle of the mesh in four similar triangles. We first prove the stability of the discretization combining the usual cellcentered discretization for the velocity and a cluster-wide constant (i.e. constant by cluster) discretization for the pressure; then we extend this result to a scheme which uses the standard cell-centered discretization also for the pressure and involves a stabilization term involving pressure jumps across the edges internal to the clusters.
It then follows from the analysis presented in [10] that this scheme is convergent for the Stokes and Navier-Stokes equations, and that first-order error bounds are statisfied for the Stokes problem; as proofs given in [10] apply without modification, these points are not treated here.
The paper is organized as follows. In section 2, we state the continuous problem under consideration. Finite volume approximation spaces are described in section 3. Then the proposed numerical schemes are presented and their stability is proven in section 4.
The continuous problem
The problem under consideration in this paper is the Stokes problem, with homogeneous Dirichlet boundary conditions, which reads:
Ωp
= 0 and such that:
where Ω is a polygonal open bounded connected subset of R 2 and the left hand side f ∈ L 2 (Ω) 2 . The existence and uniqueness of the solution of (1) is a classical result (see e.g. [2] , [12] or [1] ).
Spatial discretization and discrete functional analysis

Meshing of Ω
We suppose given a partition of Ω in triangles having all their inner angles acute; each triangle will be called a cluster, and the set of clusters will be denoted by G. The control volumes are obtained by cutting along the lines joining the mid-edge points each cluster in four similar triangles (see figure 1 ); the set of control volumes is denoted by M, and, for each control volume K, G K stands for the unique element of G such that K ⊂ G K .
For each K of M, we denote by x K the intersection point of the perpendicular bisector of the edges of K, and, for each edge σ of K, by d K,σ the distance between x K and σ. The set of edges of the mesh is denoted by E; it is the union of the set of internal edges E int (included in Ω) and external ones E ext (included in ∂Ω). For each control volume K, E(K) stands for the set of the three edges of K, N K for the set of the neighbouring control volumes of K, m K for the (2-dimensional) measure of K, and h K for its diameter. For each internal edge σ ∈ E int , separating the control volumes K and L, we denote by d σ the distance between x K and x L (so d σ = d K,σ + d L,σ ); such an edge is written σ = K|L. The (one-dimensional) measure of any edge σ ∈ E is denoted by m σ . For all K ∈ M and σ ∈ E(K), we denote by n K,σ the unit vector normal to σ outward to K. Finally, the set of edges σ of E int which are internal to a cluster (i.e. not included in the boundary of a cluster) is denoted by E int,c .
We shall measure the regularity of the mesh by the parameter θ M defined by:
Such a mesh is depicted on figure 1. Finally, we denote by h M the maximum diameter of the control volumes.
Discretization spaces
Let H M (Ω) ⊂ L 2 (Ω) be the space of functions which are piecewise constant over each control volume K ∈ M. For all w ∈ H M (Ω) and for all K ∈ M, we denote by w K the constant value of w in K. For (v, w) ∈ H M (Ω) 2 , we define an inner product, which is the discrete analogue of the canonical H 1 0 (Ω) bilinear form:
Next, we define a norm in H M (Ω) (thanks to the discrete Poincaré inequality (4) given below) by:
These definitions naturally extend to vector-valued functions as fol-
we define:
The discrete Poincaré inequality [6, Lemma 9.1 p. 765] reads:
Finally, we denote by H G (Ω) ⊂ L 2 (Ω) the space of functions which are piecewise constant over each cluster.
Numerical schemes
General formulation
Finite volume schemes are classically presented as discrete balance equations with a suitable approximation of the fluxes, see e.g. [6] . However, in recent works dealing with cell centered finite volume methods for elliptic problems [7] [8] [9] , an equivalent variational formulation in adequate functional spaces is introduced, and this presentation is probably more convenient for the analysis of the schemes, as the involved variational identities are on the natural path to derive stability estimates. Here we follow this latter approach.
We begin by defining a discrete divergence operator div M , the expression of which is the same as in [9] , and which maps H M (Ω) 2 onto H M (Ω) and reads:
The adjoint of this discrete divergence defines a discrete gradient ∇ M , mapping H M (Ω) onto H M (Ω) 2 , which takes the expression:
We define the discrete solution as the pair of functions (u, p) solution to the following discrete variational problem:
with Ω p = 0 and such that:
where the bilinear form ·, · λ,M defined on H M (Ω) × H M (Ω) corresponds to a "cluster-wide" stabilization, defined as follows:
λ being a strictly positive parameter (λ > 0). This bilinear form is associated to the following semi-norm:
We will study two choices for the approximation space for the pressure: first, M = H G (Ω) and, second, M = H M (Ω), the first one being analysed in section 4.2, the second one in section 4.3. Note that, with the first choice, the stabilization bilinear form vanishes, and we recover the classical (i.e. without stabilization term) setting of a discrete saddle-point problem.
Choosing v = (1 K , 1 K ) t (respectively q = 1 K ) in the first (resp. second) relation of (7), where 1 K is the characteristic function of the control-volume K, yields a discrete momentum (resp. mass) balance equation over the control volume K, of the classical finite volume form.
Cluster-wide constant pressures
Our aim in this section is to prove that the discretization combining the usual cell-centered discretization for the velocity and a clusterwide constant discretization for the pressure is stable. To this purpose, we begin by stating a "non-conforming version" of the so-called Fortin lemma, then we build the associated projection operator. The stability of the discretization is an easy consequence of the existence of such an operator. Lemma 1. We suppose that there exists a continuous projection operator Π M from H 1 0 (Ω) 2 into H M (Ω) 2 with a continuity constant only depending on Ω and θ M and such that, for any function u ∈ H 1 0 (Ω) 2 and any cluster G ∈ G, we have:
Then the so-called discrete inf-sup condition holds:
∃β > 0 depending only on Ω and θ M such that,
Proof. Let p ∈ H G (Ω) be given. The fact that the inf-sup condition holds for continuous spaces is wellknown (see e.g. [14, 12, 2, 1] ) and so there exists β c independent of p andv ∈ H 1 0 (Ω) 2 such that:
Since p is constant over each cluster, we get from (9):
On the other hand, by the continuity of the projection operator Π M , the function Π Mv satisfies:
From the three previous relations, we thus obtain:
We are now going to explicitly build a projection operator suitable for the discretization at hand. To this purpose, for a given cluster G ∈ G, we will use the local notations defined in figure 2.
Theorem 1. Let G be a cluster of G and σ i , i = 1, 2, 3 its three edges. Letū be a function of H 1 0 (Ω). We denote byū σ i the following quantity:ū
Then the four following equations define a discrete field u in G ( i.e. the restriction to G of a function of H M (Ω)):
Repeating this operation for each cluster G ∈ G and for each component, we obtain a projection operator mapping H 1 0 (Ω) 2 onto H M (Ω) 2 which satisfies the assumptions of lemma 1.
Proof. First, we begin by checking that the system (11) admits an unique solution, which reads:
Second, we need to prove that relation (9) holds, for any function (u (1) , u (2) ) ∈ H 1 0 (Ω) 2 . To this purpose, we check a stronger property, namely that the integral of each component across an edge of a cluster is the same as the integral of the "edge-value" of its projection, evaluated by the interpolation formula of the discrete divergence operator. Let us consider for instance σ 3 in figure 2. It is easy to observe that the two pairs of triangles sharing respectively σ 3,1 and σ 3,2 are similar. Consequently, the interpolation relations giving in div M the velocity on σ 3,1 and σ 3,2 , noted u σ 3,1 and u σ 3,2 , share the same coefficients, say α and 1 − α, and we get, with the notations of figure 2:
Finally, we have to check the continuity of the projection, i.e. that there exists a positive real number c cont depending only on θ M such that, for each functionū ∈ H 1 0 (Ω):
and the continuity of the projection operator for an abitrary velocity field in H 1 0 (Ω) 2 will follow by summation over the two components. From the expression of the u i , i = 1, . . . , 4 given by (12) , we see that each difference u K − u L , where K and L are two neighbouring control volumes of the mesh, can be expressed as a sum of a bounded number of differences between the quantitiesū σ 1 , i = 1, . . . , 3 and their counterparts associated to the neighbouring clusters of G. Noticing that, whenever the cluster edge σ is included in ∂Ω, we havē u σ = 0, this property extends to the quantities u K − 0 appearing in the · M norm when one edge of K is included in ∂Ω.
Let us denote by ϕ i , i = 1, 2, 3 the basis functions of the finite element P 1 discretization over the central triangle K 4 , ϕ i being equal to 1 at the vertice located on σ i and 0 at the other vertices. We define a projection operator Π from H 1 (K 4 ) onto the space of linear polynomials by:
The projection Π is nothing more than a particular Scott and Zhang interpolant [17] , the H 1 stability of which is known. However, in order to make the presentation self-contained and as the arguments in the case under consideration are simpler than in the general case, we are going to prove the following result:
where c sz is a constant depending only on θ M . First, we notice that the gradient of each basis function ϕ i is a constant vector and it is easy to check that:
where ρ K 4 stands for the diameter of the largest ball included in K 4 . Consequently, we have:
One then observes that the Scott and Zhang interpolant leaves the constant functions unchanged; we thus have:
Without loss of generality, we may thus suppose that the functionū has a zero mean value over G. By the Cauchy-Schwarz inequality, we have:
and thus, by a trace inequality which can be found in [19] :
The Poincaré inequality (see [15] for a value of the Poincaré constant for zero mean valued functions valid for any convex domain) thus yields:
where c is a constant real number and, finally, gathering inequalities (15) and (16):
which implies the bound (14) .
We now return to the stability of Π M . Let a i be the middle of the σ i of G. Each groupment (ū σ i −ū σ j ) 2 can then be estimated as follows:
and thus:
Remarking that the quantity ∇ū 2 L 2 (G) will appear a bounded number of times in the summation giving u M , this estimates implies that the bound (13) holds, which concludes the proof.
We are now in position to state the stability of the scheme. To this purpose, we define the bilinear form B M (·, · ; ·, ·) by:
where u, v and p, q stand for respectively two elements of H M (Ω) 2 and two elements of H G (Ω). The numerical scheme under consideration (7) with cluster-wide constant pressures can be written equivalently:
Theorem 2 (Stability of the scheme). For each pair u ∈ H M (Ω) 2 and p ∈ H G (Ω) ( i.e. such that the pressure p is constant over each cluster), there existsũ ∈ H M (Ω) 2 andp ∈ H G (Ω) such that:
and:
where c 1 and c 2 are two positive real numbers depending only on Ω and θ M .
Proof. Let u ∈ H M (Ω) 2 and p ∈ H G (Ω) be given. First, we note that:
Then, by (10), we know that there exists v ∈ H M (Ω) 2 such that:
where β > 0 only depends on Ω and θ M . We thus have, by the Cauchy-Schwarz and Young inequalities:
Then, by bilinearity of B M (·, · ; ·, ·), we see that both (17) and (18) hold withũ = u + β v andp = p.
Clustered triangles discretizations
We now turn to the analysis of the scheme with an approximation for the pressure which is constant over each control volume rather than constant over each cluster. Consequently, the stabilization terms involving the pressure jump through the interior edges of the clusters do not vanish anymore.
We begin by a technical lemma, which can be seen as a very specific formulation of a discrete "cluster by cluster" Poincaré inequality. 
Proof. Let G be a cluster of G. Using a local numbering of the unknowns, we have by assumption p 4 = 0 and:
Thanks to geometrical considerations, the first factor of the above right-hand-side is smaller than 1/2. The result then follows by summation over the clusters.
As in the previous section, we define a bilinear form B M (·, · ; ·, ·) which is now given by:
where u, v and p, q stand respectively for two elements of H M (Ω) 2 and two elements of H M (Ω). Once again, the scheme under consideration reads:
We then have the following stability result. 
where c 1 and c 2 are two positive real numbers depending only on λ, Ω and θ M .
Proof. The proof follows basically the same lines as for cluster-wide constant pressures. Let u ∈ H M (Ω) 2 and p ∈ H M (Ω) be given. First, we note that:
Then, we definep the function of H G (O) (i.e. constant over each cluster) which is equal to p over the inner triangle of each cluster. By (10), we know that there exists v ∈ H M (Ω) 2 such that:
where β > 0 only depends on Ω and θ M . We thus have, by Young's inequality, lemma 2 applied to the difference p −p and the stability in H M (Ω) 2 of the discrete divergence operator:
where c div is the continuity constant of div M and, to obtain the last term, we remark that |p| M,λ = 0. Let α be given by:
Then, by bilinearity of B M (·, · ; ·, ·), we get:
To conclude, we remark that:
and, by the triangular inequality, we see that both (17) and (18) hold withũ = u + α v andp = p.
Remark 1. The concept of "minimal stabilization procedure" was introduced for mixed finite element methods by Brezzi and Fortin in [3] . Applied to the two dimensional Stokes problem, a particular consequence of the abstract result proven in their paper reads as follows. Let M ⊂ L 2 (Ω) be an approximation space for the pressure such that the pair (V, M ) is inf-sup stable, where V ⊂ H 1 0 (Ω) 2 stands for a discretisation space for the velocity. Let P ⊂ L 2 (Ω) be another approximation space such that M ⊂ P . Then the Stokes problem approximated with the pair (V, P ) may be stabilized by the term:
where Π is a projection operator from P onto M .
Let us evaluate this stabilization term, choosing H M (Ω) for P , H G (Ω) for M and, for Π, the projection from H M (Ω) onto H G (Ω) defined, for p ∈ H M (Ω), by setting the value of Πp over the cluster to the value of p in the central control volume (i.e. the control volume denoted by K 4 on figure 2 ). Then we have, for any cluster G:
which is similar to the stabilization used here, with m K|L (h K + h L ) replaced by the equivalent quantity m K . The scheme presented in this paper can thus be seen as resulting from an extension to the finite volume context of the minimal stabilization procedure.
Conclusion
We proved in this paper the stability of two finite volume schemes for the two-dimensional Stokes problem based on simplicial meshes. They may be shown to imply the existence and uniqueness of the discrete solution, and to lead to error bounds which, for instance, take the following form for the stabilized scheme [10] .
Theorem 4 (Error estimate). Let λ ∈ (0, +∞) be given. We suppose that the solution of the continuous problem (1), (ū,p), lies in H 2 (Ω) 2 ∩ H 1 0 (Ω) 2 × H 1 (Ω). Let (u, p) ∈ H M (Ω) 2 × H M (Ω) be the solution to (7) . Then there exists a positive real number c depending only on Ω, θ M and λ such that the following inequality holds:
whereū M is the function of H M (Ω) 2 defined by (ū M ) K =ū(x K ) and p is the function of H M the value of which on each control volume K is the mean value ofp over K.
For a cluster-wide constant pressure, the result would be the same, relacing the average ofp on the control volumes by the average on the clusters. The proof of this result can be found in [10] and is not repeated here. It makes use of consistency estimates also given in [10] . For the divergence term, this bound relies on the fact that, for each pair of neighbouring control volumes, the segment [x K , x L ] crosses the edge K|L at its mass center; this is the assumption called (H G ) in the introduction of this paper. This hypothesis holds for the construction of the point x K used here; note that this geometrical property, unfortunately, is not verified anymore for tetrahedra in the three-dimensional case, which should make an extension of the stability analysis presented here to 3D problems of little interest in practice. However, a similar theory holds for rectangular and orthogonal parallelepipeds.
